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SYNOPSIS 

The feasibility of estimating the kinetic parameters of emulsion copolymerization using 
only calorimetric measurements was investigated by simulation. It was found that for the 
case in which the average number of radicals per particle exceeds 0.5 only two of the three 
estimable parameters (kr, k,, and k,) could be estimated together provided that an accurate 
value for the third parameter is available from independent measurements. For systems 
with ii < 0.5, the three unknown parameters kr, kd, and ko were accurately estimated. 
0 1995 John Wiley & Sons, Inc. 

INTRODUCTION 

In spite of the importance of emulsion copolymer- 
ization, only a limited effort has been devoted to 
elucidate the mechanisms involved in emulsion co- 
polymerization by estimating the corresponding ki- 
netic parameters. Nomural proposed an approach 
to determine kinetic parameters by using the steady- 
state portion of the conversion vs. time curves of 
seeded copolymerizations. The approach involves 
the use of ii vs. a' relationships developed by Ugel- 
stad and Hansen.2 However, the method can only 
be safely applied if the termination in the aqueous 
phase is negligible.3 De la Cal et al.4 extended the 
method proposed by Asua et al.3 for emulsion homo- 
polymerization to the parameter estimation in 
emulsion copolymerization systems under zero-one 
conditions. The use of this method required data of 
the time evolution of the overall conversion and the 
copolymer composition during the approach to the 
steady state of the average number of radicals per 
particle. Overall conversion can be easily monitored 
by gravimetry. Copolymer composition can be mea- 
sured by gas chromatography and NMR. However, 
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the frequency of the experimental measurements is 
often not enough to apply the specific strategy de- 
veloped for parameter estimation in emulsion CO- 

polymerization systems? 
Reaction calorimetry offers the possibility of 

continuous and accurate monitoring of polymeriza- 
tion reactions. Moritz' reviewed the state of the art 
of isothermal bench-scale calorimeters and their 
application to polymerization reactions. Nilsson et 
a1.6 developed an isothermal calorimetric reactor 
system and studied the kinetics of the emulsion po- 
lymerization of vinyl chloride. Moritz5 developed a 
microcomputer-controlled bench-scale polymeriza- 
tion calorimeter with on-line determination of po- 
lymerization rate and monomer conversion and 
studied the batch and semibatch emulsion poly- 
merization of vinyl acetate. Varela7 used an auto- 
mated reactor calorimeter to carry out kinetic stud- 
ies of polymerization of styrene with low and high 
solids contents. 

However, one of the limitations of this kind of 
reactor is that only information related to overall 
conversion is directly available from the heat of re- 
action. Urretabizkaia et al.' developed an approach 
to estimate the evolution of the copolymer compo- 
sition in batch emulsion copolymerization systems 
using calorimetric measurements. This method re- 
quired knowledge of the reactivity ratios. Further- 
more, the concentration of the monomers in the dif- 
ferent phases were calculated, assuming that these 
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concentrations were at  equilibrium. To carry out this 
calculation, either suitable partition coefficients or 
accurate values of the parameters of the thermo- 
dynamic equilibrium equations were required. In the 
present work, the feasibility of estimating the kinetic 
parameters of emulsion copolymerization systems 
using only calorimetric measurements was assessed 
by simulation. 

THEORETICAL FRAMEWORK 

Assuming that the cross-propagation heats (-AHu) 
are equal to the heat of homopolymerization (-AHi), 
the overall calorimetric conversion can be calculated 
as follows:’ 

where XTc is the overall calorimetric conversion; Mio, 
the number of moles of monomer i per cm3 of water 
initially charged into the reactor; and (-AHi), the 
heat of homopolymerization of monomer i .  The 
fractional conversions of monomers A and B, X A  
and XB, assuming that the contribution of aqueous 
phase polymerization to the conversion is negligible, 
are given by 

where kpij is the propagation rate constant; [Alp and 
[BIp, the concentrations of monomers A and B, re- 
spectively, in the polymer particles; NA, Avogadro’s 
number; NT, the number of polymer particles per 
cm3 of water; and c, the time probability of finding 
a radical chain with ultimate unit of type i in the 
polymer particles. These probabilities can be ob- 
tained from the pseudo-steady-state assumption for 
the growing radicals as  follow^:^ 

Pi = 1 - PAp. (5) 

The average number of radicals per particle, 12, is 
given by 

where Ni is the number of particles containing i rad- 
icals, given by the following generalized population 
balance: 

dNi -- - kn[R],(Ni-l - NJ + &[( i  + l)Ni+l - iNi] 
dt 

for i = 1, 2,  * - . (7) 

where k, is the radical entry rate coefficient; [R],, 
the concentration of free radicals in the aqueous 
phase; Ed,  the overall rate coefficient for radical de- 
sorption; Et, the average termination rate coefficient 
in the polymer particles; and up, the volume of one 
monomer swollen particle. 

For the case of particles with zero radicals, eq. 
(7) reduces to 

If m is the maximum number of radicals that can 
coexist in a polymer particle without the occurrence 
of an instantaneous termination reaction, the pop- 
ulation balances for N ,  and Nm-.l are as follows: 

Note that for a zero-one system ExNT equals Nl .  
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In this case, the population balance for particles 
containing one radical is given by 

The concentration of free radicals in the aqueous 
phase can be calculated through the material balance 
for free radicals in the aqueous phase: 

- 2Etw[R]; = 0 (12) 

where kI is the effective rate coefficient for initiator 
decomposition, which includes the efficiency factor; 
[ I z ] ,  the number of moles of initiator per cm3 of wa- 
ter; and hW the average termination rate coefficient 
in the aqueous phase. It has been demonstrated that 
the pseudo-steady-state assumption for the free- 
radical concentration in the aqueous phase can be 
safely used' and, hence, the left-hand side of eq. (12) 
equals zero. 

Equations (2), (3), and (7)-(12) are a system of 
initial value stiff differential equations containing - 

k 1 ,  k,, &, and hW. kpAA and kpBB can be estimated by 
using the approach proposed by Asua et al.3 for pa- 
rameter estimation in emulsion homopolymerization 
systems. In addition, these authors demonstrated 
that k, and kt, are correlated and, hence, they cannot 
be unambiguously determined unless some inde- 
pendent measurement of the concentration of rad- 
icals in the aqueous phase is available. Furthermore, 
de la Cal et a1.4 found that the cross-propagation 
rate constant, kpBA, with A being the most reactive 
monomer, cannot be estimated accurately even when 
the two fractional conversions are measured and 
they advised the use of the method proposed by de 
la Cal et a1.l' for estimation of the reactivity ratios 
from data obtained in emulsion polymerization to 
estimate the cross-propagation rate constants. 
Therefore, in the present work, Ed,  k I ,  k,, and Kt  are 
the estimable parameters of the model for the case 
in which the average number of radicals per particle 
exceeds 0.5. For a zero-one system, the unknown 
parameters reduce to Ed, k I ,  and k,. 

The system of stiff differential equations can be 
rewritten in the following form: 

nine unknown parameters kpAA,  k p A B ,  kpBA,  kpBB,  k d ,  

where S is the vector of the state variables; X, the 
vector of observable variables; and K, the vector of 
adjustable parameters. 

In a zero-one system, 

s = { X A ,  X B Y  Nl} 

K = { Ed, ~ I Y  k a }  

x = { x T c } *  

For the case in which r i  > 0.5, 

S = { X A ,  X B ,  No, N i , .  - 
K = { Ed,  kl, $7 z t }  

x = { X T c } -  

In both cases, the overall calorimetric conversion is 
considered to be the only observable variable. 

Parameter estimation involves the choice of an 
objective function to be minimized. In this work, the 
residual sum of squares was chosen: 

M Gj 

where M is the number of experiments; G j ,  the num- 
ber of experimental points in an experiment j ;  X,, 
the measured conversion; and XZ, the model pre- 
diction using the set of parameters h. 

The minimization of the residual sum of squares 
is carried out using the Levenberg-Marquardt 
method in which the vector of increments of the 
value of the parameters is given by 

AKh+' = [Hh + XI]-' 

M G; 

j=1  i= l  

where I is the identity matrix; A, a scalar; and H, 
the Hessian matrix, given by 

M G; 

j = 1  i=l 

with 
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The matrix of the sensitivity coefficients is cal- 
culated as follows: 

At t = 0, all the state variables have a constant 
value and, hence, the initial conditions for eq. ( 2 4 )  
are d [ S ] / a [ K ]  = 0. Details about the use of this al- 
gorithm are given in Ref. 3. 

CHECK OF THE PRESENT APPROACH 

To check the present approach, data were generated 
by simulation using arbitrary but reasonable values 
of the rate coefficients (referred to as "exact" pa- 
rameters). Then, the approach described previously 
was applied to estimate the parameters of the model. 
The closeness of the fit of the original data and the 
match of the estimated kinetic parameters to the 
rate coefficients used in the data generation were 
the criteria for deciding the usefulness of the method. 

Data Simulation 

The time evolution of the overall conversion of 
chemically initiated seeded emulsion copolymeri- 
zations during interval I1 of two different monomer 
systems were simulated by integrating eqs. ( 2 ) - ( 1 2 )  
using a Gear algorithm." 

Parameter estimation in emulsion polymerization 
depends on the value of ri?,12 Therefore, two different 
systems were considered The seeded batch emulsion 
copolymerization of methyl acrylate ( A )  and vinyl 
acetate (B)  was simulated to study the case in which 
6 < 0.5. To evaluate a case in which r i  exceeds 0.5, 
the seeded batch emulsion copolymerization of 
methyl methacrylate ( A )  and butyl acrylate (B)  was 
simulated. 

Some parameters of the model depend on exper- 
imental conditions such as the particle size and the 
monomer molar ratio. Therefore, the dependency of 
the rate constant values with the experimental con- 
ditions was taken into account in the simulation of 
the data. 

It was assumed that the entry of radicals into the 
polymer particles occurred by the diffusional mech- 
anism.' Therefore, in this work, the dependency of 
the entry rate coefficient to the particle size was 
given by 

where d, is the diameter of the monomer swollen 
polymer particle and kz is a constant. 

Furthermore, assuming a diffusion mechanism 
and no additional resistance in the interphase, 
Nomura13 proposed that the average desorption rate 
coefficient is inversely proportional to the second 
power of the particle size. Therefore, the average 
desorption rate coefficient was written as follows: 

where kz is a constant. 

polymer particle is given by 
The average termination rate constant in the 

and the average termination rate constant in the 
aqueous phase is calculated in the following way: 

where k, ,  and kwi, are the termination rate constant 
in the polymer particles and aqueous phase, respec- 
tively. Pi" is the time-averaged probability of finding 
a radical with an ultimate unit of type i in the 
aqueous phase. These probabilities are given by 

PB"=l -PA" (30) 

Table I Values of the Parameters Used for 
Data Generation: A = Methyl Acrylate; 
B = Vinyl Acetate (Ref. 4) 

~ P A B  

0.209 X lo7 cm3 

0.232 X lo6 cm3 

0.230 X 10' cm3 

0.230 X lo7 cm3 

mo1-ls-l 

mol-' s-* 

mo1-ls-l 

mo1-ls-l 
0.1 x 10-5 s-l 

14 
20 

0.1 x 10-2 
0.1 x 1016 

80 nm 

mdBp 28 
mdBd 42.5 

k$ 0.15 X 10-l' 
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Table I1 Values of the Parameters Used for 
Data Generation: A = Methyl Methacrylate; 
B = Butyl Acrylate (Ref. 14) 

methyl acrylate (A)/vinyl acetate (B)  are given in 
Table I. Three levels of numbers of particles (NT 
= 3 X 5 X and 7 X 1013 particles/cm3 
of water) and four of initiator concentrations ( I  = 1 
X 5 X 1 X lop6, and 2 X mol/cm3 of 0.116 X lo7 cm3 

mol-ls-' 
0.439 X lo6 cm3 

mol-' s-' 
0.740 X lo6 cm3 

mol-' s-' 
0.234 X lo6 cm3 

mol-' s-' 
0.203 X 10" cm3 

mol-' s-' 
0.270 X lo9 cm3 

mol-' s-' 
0.36 X lo7 cm3 
mol-' s-' 

-5.08 

40 
91 

0.1 x 10-2 
0.1 x 10'6 

0.2 x 10-4 s-l 

140 nm 

k t , a ~  0.203 X 10" cm3 

&,,.AB 0.270 X lo9 cm3 

k t w ~ ~  0.36 X lo7 cm3 

mol-' s-' 

mol-' s-' 

mol-' s-' 
bl -0.76 

m d B p  464 
mdBd 714 

kd* 0.35 X lo-'' 

water) were simulated. 
Table I1 lists the values of the parameters used 

for data simulation for the methyl methacrylate (A)/ 
butyl acrylate (B)  batch seeded emulsion copoly- 
merization. The set of "experiments" included 12 
kinetic runs, where three levels of number of par- 
ticles (NT = 1 X and 5 X 1013 particles/ 
cm3 of water) and four levels of initiator concentra- 
tions ( I  = 1 X 2 X 3 X and 4 X lop6 
mol/cm3 of water) were used. The concentrations of 
the monomers in the different phases were calcu- 
lated using the partition coefficients. 

3 X 

Parameter Estimation 

Emulsion Copolymerization of Methyl Acrylate 
and Vinyl Acetate (ii < 0.5) 

In the previous section, it was seen that for emulsion 
copolymerization under conditions where the zero- 
one assumption applies the estimable parameters of 
the model are Ed, kI, and ka. However, due to the 
dependency of the particle diameter on the entry 
and exit rate coefficients [eqs. (25) and (26)], the 
constants k$ and k,* were used instead of the vari- 
ables Ed and ka as the adjustable parameters. 

To enhance the convergence of the algorithm, the 
kinetic parameters were reparameterized in such a 
way that they all have similar values: 

where [AIw and [BIw are the COncentrations of 
monomers A and B, respectively, in the aqueous 
phase. 

To account for the gel effect, the following average 
gel effect factor was used to calculate the average 
termination rate constant in the polymer parti~le:'~ 

E,  = &exp[al@ + b1&]2 (31) 
k;  = kI X lo5 = 0.1 

k,*' = k,* X = 0.1 

k2' = k2 X 10" = 0.15. 

where &, is the average termination rate constant 
in the polymer particles a t  zero polymer content, al 
and bl are constants, and c#$ is the volume fraction 
of polymer in the polymer particles. 

The values of the parameters used in the simu- 
lation of seeded batch emulsion copolymerization of 

Table I11 summarizes the effect of different initial 
guesses on the values of the estimated parameters 

Table I11 Estimation of k1, k2 , and kz when ii < 0.5; Perfect Data; Monomer Molar Ratio = 50/50; 
dpd = 80 nm 

Initial Guess Estimated Parameters 

k'l k,*' k$' k'l k,*' k;' Error 

0.5 0.5 0.05 0.106 0.091 0.158 1.16 X 
0.05 0.8 0.5 0.106 0.091 0.158 1.21 x 10-6 
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Table IV Estimation of kI, kt , and kz when ri < 0.5; Data with Random Errors; Monomer Molar Ratio 
A/B = 50150; dPs4 = 80 nm 

Initial Guess Estimated Parameters 

k> k,*’ k$’ k;  k,*‘ k$‘  Error 

0.5 0.5 0.05 0.101 0.122 0.148 4.66 x 10-~ 
0.05 0.8 0.5 0.101 0.121 0.148 4.67 x 10-~ 

for an initial monomer molar ratio of 50/50 and a 
seeded particle diameter of 80 nm, when “perfect” 
simulated data were used. It can be seen that good 
estimates of all the parameters were obtained irre- 
spective of the initial guess. 

To evaluate the approach with data closer in 
character to experimental data, a random error, de- 
termined using a Gaussian random number gener- 
ator, was added to each conversion point. A standard 
deviation equal to 0.04 was used to generate this 
error. Table IV shows the results obtained for dif- 
ferent initial guesses. Again, good estimates of the 
parameters are obtained. 

From this analysis, it can be concluded that it is 
possible to estimate the kinetic parameters kI, k,, 
and & of the model of emulsion copolymerization 
under conditions in which r i  < 0.5 using only calo- 
rimetric measurements. 

Emulsion Copolymerization of Methyl 
Methacrylate and ButyI Acrylate (ii > 0.5) 

There are many copolymerization systems that un- 
der a wide range of experimental conditions have 
an average number of radicals per particle greater 
than 0.5. One of these copolymerization systems is 
methyl methacrylate (A)/butyl acrylate (B) .  The aim 
of this part of the work was to determine how many 
kinetic parameters can be estimated accurately with 

the overall calorimetric conversion data as a unique 
observable variable under conditions in which r i  
> 0.5. 

As discussed previously, the kinetic parameters 
to be estimated are kI, k,, Ed,  and &. However, Bar- 
andiaran et a1.12 found that k, can only be estimated , 

in systems in which termination in the aqueous 
phase is significant. The methyl methacrylate has 
a rather high termination rate constant, whereas the 
termination rate constant of the butyl acrylate is 
small. In addition, methyl methacrylate is much 
more soluble in the aqueous phase than is butyl ac- 
rylate. Therefore, the average aqueous phase ter- 
mination rate constant is expected to be closer to 
the value of methyl methacrylate, and, hence, k, can, 
in principle, be estimated. Furthermore, under those 
conditions, only a rough estimation of the exit rate 
coefficient is achieved.12 Consequently, the kinetic 
parameters to be estimated were kI, k,, and z,. The 
kinetic parameters were reparameterized as follows: 

k;  = kI X lo4 = 0.2 

k,*’ = k,* X = 0.1 

8: = R,  x 

Table V presents the results obtained for different 
initial guesses when the perfect simulated data were 
used. It can be seen that different sets of parameters 

Table V Estimation of kI, kz , and k, when ri > 0.5; Perfect Data; Monomer Molar Ratio 
A/B = 50150; dpeeed = 140 nm 

Initial Guess Estimated Parameters 

4 k,*’ k :  k ;  k,*’ k: Error 

0.2 0.1 0.537 0.195 0.102 0.538 0.956 X 
0.4 0.5 0.2 0.271 0.120 0.745 0.775 X 
0.1 0.15 0.7 0.244 0.114 0.672 0.872 X lo-‘ 
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Table VI 
Monomer Molar Ratio A/B = 50150; dPd = 140 nm 

Estimation of kI, kS , and &, when 6 > 0.5; Data Simulated with & = 0.537 X lo9 cm' mol-ls-'; 

Initial Guess Estimated Parameters 

k;  k,*' k;  ki k,*' 12: Error 

0.4 0.5 0.2 0.279 0.117 0.745 0.482 X 
0.1 0.15 0.7 0.250 0.117 0.671 0.301 X 

led to different values of the estimated parameters 
but all of them fitted the data in a similar way. One 
of the reasons for this result could be the fact that 
in the estimation &, was assumed to be constant 
during the polymerization, whereas, actually, &, var- 
ies during polymerization. In the range of experi- 
mental conditions studied, &, varied between 0.545 
X 10' and 0.530 X lo' cm3 mol-' s-'. Although the 
variation is small, in order to determine all factors 
that can affect the estimation, it is worthwhile to 
establish the influence of these phenomena in the 
parameter estimation. Therefore, new data were 
simulated considering &, as a constant and equal to 
0.537 X lo' cm3 mol-ls-'. Table VI summarizes the 
estimated values of kI, kz, and 2, for different initial 
guesses. It can be seen that different initial guesses 
let to different estimated parameters with similar 
data fitting. Therefore, the variation of it was not 
the origin of the difficulties for estimation of the 
three parameters. 

The estimation was then restricted to two pa- 
rameters: First, the estimation of kz and & was at- 
tempted using data generated taking into account 
the variation of &, due to the gel effect [eq. (31)]. 
Table VII shows that accurate values of the esti- 
mates were obtained for perfect data. Table VIII 
shows that an accurate parameter estimation was 
possible when noisy data were used. Similar results 
were obtained when kI and &, or kz and kI were cho- 
sen as adjustable parameters. 

Table VII Estimation of k$ , and k, when 6 
> 0.5; Perfect Data; Monomer Molar Ratio 
A/B = 50150; dP4 = 140 nm 

Initial 
Guess Estimated Value 

k,*' k:  k,*' k:  Error 

0.2 0.7 0.103 0.551 0.886 X 
0.5 0.2 0.103 0.551 0.879 X 

CONCLUSIONS 

The feasibility of estimating the kinetic parameters 
of emulsion copolymerization systems using only 
calorimetric measurements was assessed by simu- 
lation. Because parameter estimation in emulsion 
polymerization systems depends on the value of ii, 
two different batch seeded emulsion copolymeriza- 
tion systems were considered. The first was the 
emulsion copolymerization of methyl acrylate and 
vinyl acetate, which gives values of ii lower than 0.5; 
the second system was the emulsion copolymeriza- 
tion of methyl methacrylate and butyl acrylate for 
which r i  > 0.5. Data were generated using arbitrary 
but reasonable values of the rate coefficients and 
random error was introduced to make the simulated 
data closer in character to real data. The kinetic 
parameters were estimated and the closeness of the 
fit of the data and the match of the estimated pa- 
rameters to those used in the data generation were 
used as criteria to assess the feasibility of the esti- 
mation. 

For ii < 0.5, it was found that Ed, kI, and k, can 
be accurately estimated. On the other hand, for E 
> 0.5, only two parameters of the three estimable 
parameters (k,, &, , and ka) can be estimated together 
provided that an accurate value for the third is 
available. It has to be pointed out that the present 
approach can be applied to other sources of data 
such as densitometry. 

Table VIII 
> 0.5; Data with Random Errors; Monomer 
Molar Ratio = 50/50; dPd = 140 nm 

Estimation of k$ , and kt when n 

Initial Guess .Estimated Parameters 

k,*' k:  k,*' k: Error 

0.1 0.537 0.104 0.554 0.805 X 
0.5 0.2 0.104 0.554 0.805 X 
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NOMENCLATURE 

[Alj, [BIj concentration of monomer A and B, re- 
spectively, in the phase j (mol cmP3) 

diameter of the monomer swollen poly- 
mer particle (cm) 

vector of functions [eq. (13)]  
number of experimental points in ex- 

Hessian matrix defined by eq. (22) 
heat of homopolymerization of monomer 

initiator concentration (mol ~ m - ~ )  
vector defined by eq. (23)  
vector of adjustable parameters [eqs. (15) 

vector of increments of adjustable pa- 

rate coefficient for radical entry (cm3 

parameter given by eq. (25)  
reparameterized k: 
overall desorption rate coefficient (s-l) 
parameter defined by eq. (26)  
reparameterized k$ 
effective rate constant for generation of 

polymerizing free radicals from initi- 
ator decomposition (s-l) 

reparameterized rate constant for gen- 
eration of polymerizing free radicals 
from initiator decomposition (s-’) 

propagation rate constant (cm3 mol-l 
S-l) 

average termination rate constant in the 
polymer particles (cm3 mol-l s-’). 

reparameterized average termination 
rate constant in the polymer particles 
(cm3 mol-’ s-l) 

average termination rate constant in the 
aqueous phase (cm3 mol-l s-l) 

number of experiments 
initial number of moles of monomer i per 

periment j 

i (kcal/mol) 

and (18)] 

rameters [eq. (21)] 

mol-l s-’) 

cm3 of water 

partition coefficient of monomer i or 
radicals of type i between monomer 
droplets and aqueous phase 

partition coefficient of monomer i or 
radicals of type i between polymer 
particles and aqueous phase 

partition coefficient of water between 
monomer droplets and aqueous phase 

average number of radicals per particle 
Avogadro’s number 
number of particles containing i radicals 

per cm3 of water 
number of polymer particles per cm3 of 

water 
time-averaged probability of finding a 

radical with ultimate unit of type i in 
the phase j 

concentration of radicals in the aqueous 
phase (mol ~ m - ~ )  

vector of state variables [eqs. (14) and 
(1711 

residual sum of squares 
time 
volume of monomer swollen polymer 

vector of observable variables 
conversions of monomers A and B, re- 

conversion predicted by the model 
“measured” conversion 
overall calorimetric conversion 

particle (cm3) 

spectively 

Superscripts 

h 

T transposed matrix 

values calculated using a particular set 
of experiments 
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